It became rather common to consider large data sets or images as graphs and to use the first few eigenfunctions of the corresponding Laplace operator for data dimension reduction or effective image processing. However, the corresponding graphs for hyperspectral images can contain up to 10 9 or more vertices and many more edges. In this case direct calculation of eigenfunctions on the whole graph can involve up to 10 27 calculations and become infeasible.
The goal of the present article is to show that small eigenvalues of a combinatorial Laplace operator L on a combinatorial graph of N vertices can be approximated by the eigenvalues of certain matrices in spaces of the so-called variational splines whose dimension is small compare to N . Such reduction in dimension follows from the fact that eigenfunctions of a combinatorial Laplace operator L which correspond to small eigenvalues are uniquely determined by their values on a relatively small subsets of vertices and can be reconstructed as limits of variational interpolating splines. It is also proved that small eigenvalues of L can be approximated by eigenvalues of certain matrices acting in spline spaces. The whole idea is a specific realization of the Rayleigh-Ritz method.
Consider for example a cycle graph C 100 = {1, 2, ..., 100} on 100 vertices and pretend that we do not know the eigenvalues of the corresponding Laplace operator. Suppose we are going to determine all eigenvalues which are not greater than ω = 0.002. Using our results we will be able to predict that there are at most four eigenvalues of the Laplace operator which are not greater than 0.002. In fact there are three such eigenvalues: λ 0 = 0, and a double eigenvalue λ 1 = 1 − cos(2π/100) ≈ 0.001973. It will follow from our results that these three eigenvalues can be approximated by the first three eigenvalues of certain 4 × 4 matrices.
